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III—The Application of Substitutional Analysis to Invariants

By Avrrep Young, I.R.S.
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e 2 In a previous paper* it was proved that the generating function for any class
= 0O of ternary concomitants might be obtained from the corresponding generating
Eg function for gradients (coefficient products) by multiplication by (1 — x) (1 — )

(x — ). A generating function for ternary gradients was given in Theorem III
of that paper, but it is of such a character that it is useless for purposes of calculation.
In this paper a new system of generating functions is obtained applicable to
perpetuants or to forms of finite order, and also to binary, ternary, or any forms.

In Section I a class of polynomial function f, (z) is discussed which appeared
in the paper just quoted in connection with the generating function for binary
gradients of particular substitutional form in the perpetuant case. In Section II
a one to one correspondence between binary perpetuants of particular substitutional
form and the terms of the corresponding generating function is obtained by means
of the tableau notation ; and this is used to give a very simple extension of GRAGE’s
Theorem on irreducible perpetuants to the case of perpetuants of particular
substitutional form. Section IIT deals with the properties of the functions for
forms of finite order which correspond to the functions f, (z) for perpetuants.

The generating functions for the different substitutional classes must by addition
give the generating function for types. This in some cases has been obtained
independently. Thus there arise certain algebraic identities. In Section IV
a general theorem is established covering all these identities. It is obtained by
means of the Characteristic Function of Scaur. The same method is then used to
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2 express the binary generating functions in a new form.

> In Section V, the Compound Symmetric group is discussed, which is formed by
® E the simultaneous permutation of two sets of letters. It is shown that certain results
EG due to FroBENius are applicable to the problem in hand. The results of this
o section are developed with a view to their application to the problem of ternary
~ generating functions.

In Section VI, the functions f, (x, y) are defined and discussed ; they are the
extension to two variables of the function f, (z) of Section I, and they play a
corresponding role in ternary generating functions. The theorems of Section (IV)

* Young, ° Proc. London Math. Soc.,” vol. 35, p. 425 (1933).
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80 ALFRED YOUNG ON THE APPLICATION OF

are then extended to these functions. The generating functions for ternary
perpetuants thus obtained contain two sets of terms, only one of which is applicable
to the problem in hand. The task of separating the function into two, one of which
is the actual generating function required is carried out in some of the simpler cases.

In Section VII the generating function for ternary perpetuants is definitely
established ; and in the simplest cases it is compared to the corresponding symbolical
products.

In Section VIII the generating function for ternary forms of finite order is
obtained.

I—Tue FuNcTIONS f,, ., ..., (2)

§ 1. It has been proved* that the generating function for binary covariant types
of degree 3, and substitutional form T, , . “ (2 = 3), of quantics of order n is

(1 —2) 2D (1 — 21 (1 — ') L (1 — 2 9)
h
CIL (1 — o by (L= g ) (1 — g,

r=1 r<t
D=(1—21—2)..(1—2z,
o= (h— 1o+ (h —2)o_, + ... + .

We will use the notation
] =1—2
[m]!=(1-—2 (1—2)..(1—2"
[m], = (1 — 27 (1 —2"") ... (1 —g*).
Then this generating function becomes

ko, 1 —r]. i
(1) - el [::j—j;w - e 0y 7],

When 7 is increased indefinitely, we obtain the perpetuant generating function

m[l]g [ot, — o, + ¢t — 7] 2 [1]
W la, +Fk—r]!  [3]!

the last symbol being introduced in formal analogy to the new notation, for there
is a factor [£] corresponding to each factor £ in /. In the case of f;, the perpetuants
of a single form, this generating function becomes the familiar function

1
[3]!

It is more convenient to write [ f,, ., ...,] in the form f, ., .. ().

where

and

am 2

[ﬁl, Oigy »ee ah]9

* Young, ¢ Proc. London Math. Soc.,” vol. 35, p. 437 (1933).
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SUBSTITUTIONAL ANALYSIS TO INVARIANTS 81

§ 2. It follows from the substitutional identity
1=2T

that every covariant can be expressed as a sum of covariant types, each term of the
sum being a type of some definite substitutional form T, , ... Hence the
generating function for covariant types in general must be the sum of the generating
functions for the types of each particular substitutional form. We apply this to
binary perpetuant types and obtain

1 _ 1 & .
(11I) W =X rs]—, R Jayy ag, 0 oo ey (2)

for there will be f different covariants for each type of substitutional form T
obtained by permutation of quantics. Thus for small values of 3,

(1—2t=1=2"{fi .o (&) +2fi S (&)} =(1—2)"(1+2)
1—=2)7={1—-(1—=2)3"{1+2(1+2 +2%
(1—2)7={1—2)(1—=2)(1 =29 {1 +3z(1 +z+2)
+ 222 (1 + 22) + 323 (1 + 2z + 2*) + 2%.
Equation (III) may be written
31 /T = S 2%y Sy (2
=(14+20+z+2)...(L+z+22+..+27.

The sum of the coefficients in the expansion of the last expression is3 ! = X f2;
thus we are led to expect that f (z) is always an integral function of z, and that the
sum of its coeflicients is f.

§ 3. The value of f was originally obtained by FrRoBENIUS* in the form

1
s
‘]Fa.l,a.g, ey (“r ¥ ' s) ! b

(where 7 defines the row and s the column in the determinant) as an immediate
deduction from the fact that £, , . a is the coefficient of x; =1 x,= 4= |, x4, in

(% F 2 + o x)° A,

—_ ’ h—1 h—2
A= {x; x5 ...} 2" xR X,

where

is the alternant of the % variables x.
To make the next paragraph more clear, we deduce the ordinary form of f.
Now
S (e, +h—1)1=4¢3]

where ¢ is integral.

* ¢ S. B. berl. math. Ges.,” p. 522 (1900).

3 M
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82 ALFRED YOUNG ON THE APPLICATION OF

We regard the determinant as a function of 4 unknown quantities «,. Then

$ 1s zero when
o, — 1 =a, — L.
Thus ¢ has a factor
I (e, —a, — 7+ ).

r<t

The total order of ¢ in the «’s is 3 showing that the remaining factor is numerical.
9 ) g g

Comparison of coeflicients of suitable products of powers of the «’s shows that this
factor is unity. Hence we obtain the usual form

(e, —oa,—7r-41)

j— | <t .
e O
§ 4. Turorem I—The function f,, S (2) may be written as a determinant
. I ,
SYI. N
[3] f[ocrwr—f—s]!f

where r defines the row, and s the column of the element.
Let A be the value of this product, then

Al [o, +h — 7] 1 = [8] | ¢,

where ¢ is an integral function of z.
Let ¢ (2) be an integral function of z with integral coefficients, then if

b (z) =0,

when z is any root of z* = 1, ¢ (2) has a factor z* — 1. Now ¢ is zero when
@, — 1= a,—t, and «, — 7, @, — ¢ only appear as indices of z, thus ¢ is zero
whenever 27" = 247, 1.e., ¢ has a factor

1 . zar—nﬂ»!—r‘
Thus ¢ is a function which contains all the factors of

Ile, —o, +t—r1].
<t

In view of the fact that ay, «y, ... ¢, may be looked on at present as arbitrary

h
numbers, the only necessarily repeated factor in this is (1 — 2) (Z)
Now when z approaches the value 1, we may take 1 — z = { a small quantity.

Then when ¢ is small
[£k] = k¢ ; and

1

|
A=d ey

f;;.l, Ozy oo Op M
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SUBSTITUTIONAL ANALYSIS TO INVARIANTS 83

Thus A has no factor 1 — z. The number of factors 1 — z in II [«, + & — 7] ! is\
S (a, - h— 1) =8+<’é>,

h
hence ¢ has the factor (1 — z) (2), and therefore the factor II [a, — @, — 7 -+ £].
>t

No other factor is possible for this is of the same order as ¢, and the numerical
factor to be attached is easily seen to be unity. Hence, according to definition

A=f . o)

§ 5. TuEorEM II-—The function f, .. ... (z) is an integral function of Z.
The fact that f, , .. is always an integer is not sufficient; for instance, the
. 4] [1]. .
function [ is not integral.
[2172] 8

We notice first that when Za = 3,

Q=

o

[5] !
T o] T o
P.=[r+1][r+2]..[+«],

Pr,a - P‘r)a—l aPr——lzx
w1 =11 % Ta] 1

Hence, noticing that P, ,/[1], and P, ,/[«]! are always integral, it is easy to
see by induction that P, ,/[«]! is integral. It follows at once that Q is integral.
Now the determinant form of f (z) given in Theorem I is a sum of expressions
such as QQ, which are now seen to be integral, hence f (z) is necessarily integral.

is integral. For let

then

CoROLLARY—-T he sum of the coefficients of the powers of z in f (2) is f.
This follows at once since we proved in the last paragraph that lim A = f.
z—>1

§6. TuroreM III—If the tableaux for the representations T, . ., Ty g, are
obtained from each other by the change of rows into columns and vice versa, i.e., if they are

conjugate representations, then
ﬂn% e op ('z) :J[;gn Bay v Bp (Z) *

Consider the case & = 3,

o (@) = Bt gy A

Joup s, (2) = [B]VAY/B.
AB’ = A'B.

Let

It has to be shown that


http://rsta.royalsocietypublishing.org/

A A

L

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A B

%

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

84 ALFRED YOUNG ON THE APPLICATION OF

The values of g, and B, + £ — r are

Y = 1 ) 2 9 ees A3 s X3 —*_1 9 ves Ko ,0(2"" 1 5 oo XLqy
g,= 3 , 3 ,... 38 , 2 y e 2 s 1 ... 1,
Botk—r=a, +2 0, +1,...0y —ay+3,0;—as+ 1, ..oy —ay+2, 007 —ay, ... 1;

that is, 8, + £ — r has all the values from 1 up to «, + 2, in turn excepting only
ay — oy + 1,0, —ay + 2. In the general case it will have all the values from 1 up
to o; +4— 1, in turn with the exception of o« —oa, + 1, oy —ay 4+ 2, ...
ay — o, + £ — 1, the numbers containing «,, which appear in A.

Further, A’ is the product of those factors which are defined by the differences
of the various values of B, + £ — r, there being one factor for each difference.

We insert now the missing numbers, and so obtain the complete series of numbers
from 1 up to «; + 2. The product of factors defined by these differences is

[y + 17! [ag] ! [oeg — 170 .on [1 0,

which may be written [o, 4 1] !!.

Let P, be the product of those factors which are defined by the differences between
a3y — oy + 1 and the other numbers, P, the product defined by the differences
between «; — a3 + 2 and the other numbers, and P’ the function [ay — ay 4 1]
defined by the difference between these two numbers, there being only one such
factor for £ = 3

Then

P'. [« + 1] ! = P,P,A’,
where
P’ = [“2"”“3‘]’ 1]3P1: [“1_“2]![“2+ 1] !3P2: [“1—°‘3+ 1]![oc3]!.
Also
[ — o+ 1] 1 — p + 2] 1B = [, + 2] 1L,

AB’ — [“1 "1‘2] N [“2 — oy + 1] __A/B
[“1_“2]'[“1_“3+ 1]'

the required result. The method of proof is applicable to any value of 4.
It will be seen from equation (II), § 1, that the highest power = of z in /., ... (2)

is
T RO

e

Hence

\

Now from the values for 7 and 8, given it is easy to see that

hence

(IV) T @)
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SUBSTITUTIONAL ANALYSIS TO INVARIANTS 85

Consider then the series

8

g =lhar rerr@+ @

where fand f” are conjugate. Then write z~' for z, and we have

211y
P e B T i L IR O IR A )

B! 8
o4 By,

-and in view of (IV) and the equality of f'(z) and f' (z), we see that the generating
functions for conjugate representations merely change places in the series after this
transformation.

§ 7. The numbers f satisfy the relation*®

Bt
(8 + l)j;l, Qoy ore ah - Zl Efﬁ., gy ees ah,

where E, is an operator which increases «, by unity. This relation has its counter-
part for the functions f (z), as we proceed to show.

THEOREM IV—The functions f(2) for types of degree 3 are connected with those for
types of degree 5 -+ 1, by the equations :—

h+1
B e @B+ U= Z [T E, &0, ()
For

[1]E, e f, . (2
8 4+ 1] 22670, (R)

[1] H[ocs——ot,—s—l—r-——l]H[oc,—ocs-——r—{—s—}-l]
[, + 1 —7r+A]e<r [, —o,—s+7] o [0, — o, — 74 5]

(H zar+1+h—r . zas+h-—s\> 1 . z—l
- \ oy zar‘.Lh—r . za“.‘i-h—s , zar-Hz—r . z-—l *

— zr—l

h — zas-{*h —s

When r = £ -+ 1, we have II

B =
Consider the two functions
B0V =2 (=2 T (y— 2=,
whose roots are y,, 9,, ... 9.2, where

D= Zerthrs (7</Z + 2) s Ve = 0;

and

¢ () Zill (2 — 2+,

* Young, ¢ Proc. London Math. Soc.,” vol. 28, p. 262 (1928).
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86 ALFRED YOUNG ON THE APPLICATION OF

whose order is less by 2 than that of ¢ (). Then by a well-known theorem
h§2 ipv(-yyy = 0_

r=1 ‘ﬁl ())r)

Now
¢ (}’/H-Z) g ()’h+1> S e A
-7 = — 2, 5r—bt =21l —/———r
¢ (_?’h+2) ’ ¢ (}’h+1) s=1 27— gt

and

q) (,yr) _ 1 za,+1+h—r . z“r“"h_' - Zar»l-H—h—r - zaynLh—s

—1

(/)/ (y’) z«1,4,-}¢—r * zm,~|~h—-r — 2z ke zw,‘h-—r —— 2% th—s
(1] E 2% e (R)
=2z . — > h .
[B+1] 200 fia s ()
On putting in these values of the terms in the equation just obtained, and dividing

by z, we obtain at once the result required.
One hoped to obtain an analogue to the equation*

ﬂl, Qgy oo ah - 2 Sr.f;l, gy .-.ah3

where 3, indicates the decrease of «, by unity ; but the attempt failed. The
nearest approach obtained to such an analogue was

Jo2 (2) = 2facr2 (2) + 22 S0 (2,

but this relation is accidental rather than general.

IT—BiNarRY PERPETUANTS

§ 8. A one to one correspondence between terms in the generating function with
the covariants themselves, for the case of perpetuants, can be obtained as follows.
In the first place, when the substitutional form is T, the covariants are covariants
of a single form. It has been proved (Q.S.A. VII){ that all such forms can be
expressed linearly in terms of the forms

(ara2)™ (azas)™ ... (a5_y as;1>/\5—2 (as_,as)*s—1,
where

g1 = Xs_o0= A5y oe. = Ay
of which the first term sequence C is
ALA, . A A?

As—2 A§—1e
The generating function for Tj is
1
IT—21—-2)...(1—2)

where 7 is one of the numbers 2, 3, ... 5.

f— E ZEULr’

* Young, ¢ Proc. London Math. Soc.,” vol. 28, p. 261 (1928).
T Young, ‘ Proc. London Math. Soc.,” vol. 36, p. 339 (1934).
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SUBSTITUTIONAL ANALYSIS TO INVARIANTS 87

The correspondence is established by means of a diagram of rows and columns
of dots, all rows begin with the same column on the left, and all columns with the
same upper row like the tableaux. We represent 3y, first by u, columns of § dots,
then immediately to the right we put p;_, columns of 8 — 1 dots and so on, finally
we have on the extreme right p, columns of two dots. Thus this is a perfectly
general diagram of dots except that there are no columns with only one dot, and
there are no columns with more than 3 dots. Then there are 3 rows, and calling
the rows beginning with the first A, 2,_, ... 2;, we have

)\8 —_ )\S-—-l ; 7\5_2 ; ces ; )\1.

Thus the symbolical product representation, or the leading gradients sequence C,
is made to correspond to the generating function terms by means of the rows and
columns of a diagram.

§9. Let PN belong to T, ,, .., then any covariant belonging to this repre-
sentation may be written in the form PNC. This will be looked on as a symbolical
product. Now a symbolical letter ¢ appears in two kinds, a,, a,, the letters of the
first kind will be replaced here by 1, so that the symbolical letters appear only in
one kind, and the symbolical product is not homogeneous. Let T;D) be a symbolical
product sum representing a covariant of a single form. Then

PNG . T;D

is also a symbolical product sum, and it is of the substitutional form T, ,, ..
Moreover, the leading gradient of this new form is given at once by the product
of the symbolical expressions of the leading gradients of its two component parts.
Thus, when we have obtained covariants of this substitutional form and of weights
given by the generating function 27 f,, ., ..., (2); fu, «, ..« 0 nUMber, we can write
down the rest corresponding to the full generating function

& ey () [11/13] 1

by multiplication of symbolical forms ; or by addition of suffixes in leading gradients ;
or by addition of indices in the symbolical form given in the last paragraph.

§ 10. Any symbolical product representing a perpetuant type of degree 3 can
be expressed in terms of the products

(aras)™ (ayaq)™ ... (a165)",

with a pre-selected letter @, in each symbolical factor. And the generating function
(1 — x)~** simply represents all possible types of this form, they are linearly
independent. By the use of the symbolical identities and Strox’s Lemma all such
forms can be expressed in terms of forms obtainable by permutation from

(@yas)™ (agas)™ ... (@5 s05_1)"~2% (@5_105)" 1",
where

(V) Moot = Mg = o0 = Ay

VOL. CCXXXIV.—A N
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88 ALFRED YOUNG ON THE APPLICATION OF

and 2; — 2,_; = 0 or 1. The leading gradient sequence C of this form is
fX],)\1 Az) Ay v A5—]w\5—1 AS, A = X,

where the first suffix defines the quantic and the second the weight.

Then all possible leading gradients can be expressed in terms of the gradients X,
and those obtained by permutation of quantics from X.

If we operate on X with {A A, ... A}, the result is zero unless 2,, A, ... A,
are all different. Consider the operation of P,N, on X, where P,N, is derived
from a tableau F, of T, . .. g Let A, be the tableau obtained from F, by
replacing each letter A, by its corresponding weight suffix 2, in X ; then PN X
is zero unless the numbers in every column of A, are all different. ~We shall call A,
the weight tableau of X.

Definition—A normal leading gradient X, corresponding to a standard tableau F, is
one in which the weights satisfy the conditions (V) the quantics being arranged in proper
sequence, and for which the weight tableau A, is such that M\, . > X\, when X, is on
a lower row than X,. And also s = h;_, when A; does not lie on a lower row than
Ns_y, and Ay = Ay, + 1 when A lies on a lower row.

For a normal leading gradient X, it is obvious at once that P,N,X, is not zero.

TueorEM V—For any leading gradient X, and any standard tableau ¥, either

(i) PN, X =0,
or

(ii) X is a normal leading gradient corresponding to I,
or

(iii) P,N,X = = gsP,N,Y,,

where Y, is a normal leading gradient corresponding to the standard tableau ¥, from which
Y, is derived ; s is some permutation and B is numerical.

The sequence of quantics in X will be first supposed to be the fixed pre-arranged
sequence, so that according to conditions (V) 2,., = 2, always. Consider the
weights in order commencing with Ay, if 23> 2, 23> %, and so on, the conditions
that X may be normal are being fulfilled. Let the sign of equality first appear in
the case %,,; = %,, then unless A, lies on a lower row than A, X is still normal
for F,. Let us then suppose that A, ., lies in a lower row than A,, but not in the
same column, otherwise

P.NX = 0.
Then, since
)\H-l - )\ra X = (ATAV-H) X:
and

PNX = (AA,,,) PN,X,

where F, is a standard tableau derived from F, by the interchange of A, and A, ,,.
Now A, ., lies in a higher row than A, in F, and thus X is normal for F, up to this
point. Proceeding thus step by step we find a standard tableau F, which is such that

PN X = sP,N,X,
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SUBSTITUTIONAL ANALYSIS TO INVARIANTS 89

where s is some permutation, and X is a normal leading gradient for F, at least so
far as the letter A;_, is concerned ; and, indeed, as far as the last letter is concerned,
unless A; does not lie in a lower row than A, ; and A, = A,_, + 1.

In this case the last condition of the definition is not fulfilled. For this case it
is necessary to consider the symbolical form Z from which the leading gradient was
obtained.

Since A; + A;_, is odd

{Asm A} Z =27,

where 7’ is a form which has an increased value of A; 4+ 2;_,; the theorem will

be assumed true for such forms when the total weight does not exceed that of X.

Then
PN, X = — P,N, (A;_1A;) X 4+ Z 8sP.N,Y,

= - (AB—-—IAB) PB’NE'X _,_ ) BSPTNTYTS

here F, is derived from F, by the interchange of A;_, and A;. Thus, A;_, is
raised in the tableau in changing from F, to F,, and X is normal for F,.

The theorem is thus true when the quantics in X are arranged according to the
fixed sequence ; when this is not the case

X =Y,

where the quantics in Y are arranged in the fixed sequence.

Then
PN X = PN,sY = 38s'P,N,Y,

from the former case. Thus the theorem is always true.
§11. TueOREM VI-—Every leading gradient can be linearly expressed in lerms of forms
obtained by permutation from PN, X, ; where X, is a normal leading gradient for the

tableau ¥, from which PN, is derived.
Let X be a leading gradient ; then

X =X TX = £ = PNMX = = gsP,N,X,,

by the last theorem.

The number of different forms obtainable from PN X, by permutation, i.e.,
by left-hand multiplication with a permutation, is ., when the tableau F,
belongs to T, ,, ... o,

Amongst the normal leading gradients corresponding to F,, there is one which
is of special importance, the normal leading gradient of minimum weight. This is
obtained by the rule that when A, , is in a lower row of F, than A,

o Uy Aoy eee

M= M+ 1, and otherwise A, =12, while 2a; =0.
For example, the standard tableaux of T, are

(A A, A3> (Al A, A4> (Al A, A5> <A1 As A4> <A1 A; A5>.
\A4 A, T ONAg A, TOAA; A, T O\A, A ’ ’

N 2
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the corresponding weight tableaux for normal leading gradients of minimum weight

are
000 001 <O 01 011 012
“1>’ Qz)’ 11)’ Qz)’ &2)'
It will be seen at once that these correspond to the terms of the generating function
23, 2 (2). It will be found that in every case the normal leading gradients of

minimum weight have 2%, ., .. (z) for generating function.
§ 12. Let

8 3
X=TAn2, Y=IA,p,
r=1 r=1

be both normal leading gradients corresponding to the standard tableau F, Y
being the minimum leading gradient.
Then » ., — 2 = p,., — p,, and therefore 2., — w4 = A, — y,; while

s
)\5 _ (J.s == )\8—-1 —_— “‘5—*1‘ Let )\, —_ !\L, = I},. Then Z == n A,’ uy
r=1

is a normal leading gradient corresponding to the tableau for T, which has only
one row. Moreover, T,Z; is the general leading gradient for a single quantic ;
and these forms are enumerated by the generating function [1]{[8] !}~" as described
in §8.

Thus the normal leading gradients for T, w ..o, are enumerated by the
generating function g [1] {[3] !}, where g is the generating function for the minimum

normal leading gradient. But this we have found to be (§9)
oy ey () TUABT Y,

—_— W
g =X G1y Ogy eee Op°

THEOREM VII—The generating jfunction for the minimum normal leading gradients
corresponding to T i

a1y Ggy e O

hence

Zw 0y Ogy vev ap [Z]-

It is easy to see that the lowest weight of the minimum normal leading gradients
corresponding to T, ,, ., is given by the first tableau, that in which the first o,
letters lie in the first row, the next «, in the second row and so on. In the correspond-
ing weight tableau every element of the 7™ row is r — 1, and the total weight is

ag + 205 + ... +(h—1) o, = .

Thus the leading gradients are all identified in correspondence with the terms of
the generating function.

§ 13. There is no difficulty in extending these results to irreducible perpetuants.
Grace®* proved that all perpetuant types can be expressed in terms of those of the form

(VI) (aldz)'\‘ (a2a3)/\z (as_gaa_l)*s—z (aﬁwlas),\&__l,

* ¢ Proc. London Math. Soc.,’ vol. 35, p. 107 (1902) ; and GracE and Young, “ Algebra of
Invariants,” pp. 327-330 and Appendix IV (1903).


http://rsta.royalsocietypublishing.org/

A\

/ y

A

a
{ B
L 2

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

yA \
V. \
AL A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

SUBSTITUTIONAL ANALYSIS TO INVARIANTS 91

where
N =1, A =2, .. Ao = 2078, Aoy = 2072,

and the sequence of letters is fixed ; and of products of forms. The generating
x23—1—1

function for the forms (VI) is T—w

Woobp* demonstrated that this result is exact, or, in other words, that there can be
no linear relation between the forms (VI) and products of forms.

Gracet proved further that for a single form where the letters are interchangeable
the index conditions for the forms (VI) may be written

7\1 ; 1, 7\2 ; 1 +‘ )\1, 7\3 ; 2 + )\2, cee 7\5_2 ; 28_4 + )\8—-39 >\8—-1 ; 2)\5_2;

the generating function being

od—1_
X 1

D W R R

The argument used establishes at once that all perpetuant types may be expressed
linearly in terms of products, and of forms

(dlaz))\l (0203)/\2 cee (as_gas_l)xs_z (as_las)/\s_1+A8,
where the quantics are arranged in fixed sequence, and
M= Ay =14 2y, Moop = 274 4 Ny, Aoy = 270 4 N

and A; — A,y = 0 or 1; and of forms obtained from these by permutation. The
leading gradient sequence G of this form is

Al,,\IA2, Ag oot AS, As*

The whole of the preceding argument may be applied to this result, the generating
function for perpetuant types being multiplied in every case by #* '~ to give the
corresponding generating function for irreducible perpetuant types. The normal
leading gradient for an irreducible perpetuant corresponding to a given tableau is
the same in form as that in the former case except that each weight suffix 1, is
increased by 277, except in the case of A, which is increased by 2°~2

IIT—ApprLIcATION TO BINARY ForMs oF FiniTe ORDER

of

gy dgy eee Bp

§ 14. The generating function for covariant types of substitutional form T
the binary n—ic has been given in (I), § 1. This will be written

Zuff‘”ﬂp Uy soe ah (Z) ;

* ¢ Proc. London Math. Soc.,” vol. 1, p. 480 (1904).
T ¢ Proc. London Math. Soc.,” vol. 35, p. 319 (1903) and Grace and Young, op. cit.
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it is an integral function of z, for it was obtained in the first place in the paper quoted
in § 1 in the form '

(1 glafmtnzrts

Y
n /)!’

in which all the elements of the determinant are integral functions of z; hence the
function itself is an integral function of z. Comparison with f, . . (2) gives
the relation

(VD) 1! ey (2 = [ foren o (2)

The highest index of z in /.., ..., (2) must then be

[, + 24+ 1—1],.

1

(=1

1+TE—{—2(“'_2{-1>+20£,(72+1—7)~- (8—;_1‘)———:1—{—872*—225:0,

AN

on using the notation and results of §6.
S+1Y
Replace z by ¢ in (VII) and multiply the result by ,z( 2)e the right-hand side
is simply multiplied by (—)**', hence
Sy () = 2B, (&7 — 277).

From the generating function for covariants linear in the coefficients of each of 3§
quantics of order n, we obtain—in the same way as for perpetuants—

1 5 ~ w n Vs
ﬂ%%%czzﬁww%zf%%m%m»

When T,,., ..., Ts,e, .5 are conjugate, and their tableaux differ by inter-
change of rows and columns, the generating functions are not quite so simply
related as in the case of perpetuants. There is a relation, as we proceed to show.
As in § 6 we take £ = 3, and use the value of 8, as found there. Then

H[g+n+1—rlg,=[n+3sn+2...[n+4— a5,
‘ [+ 2 —ogy [n4+ 1 —agly ... [# 48— ay]
[n+1—oay] [n—ap] ... [0+ 2—a,]
= [n+ 3], [n + 2]., [n + 1]...

Now
[n 4 7], = Izll[n—f-r—oc,—l-s]
l — (___.)‘lr z"(m»{—l—r) ar_(aréi'l) [m + 1 + « r]an
where
Hence
h 047, = (=) 20 [m 41 +a, — 7],
where

r=—(m+ 1)+ —o.
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The other part of f*, ., .. (2) does not contain n, and is the same as for the

conjugate set as was seen in § 6. Thus the transformation of z» into — m — 2 which

changes L@[T%]%Jj into (—)° g~ inElit_}]a

at the same time interchanges conjugate generating functions.

IV—TuE CHARACTERISTIC FUNCTION

§ 15. In the fourth paper on Quantitative Substitutional Analysis* the characteristic
function ®, , ., of the symmetric group corresponding to the representation
T _ was iritroduced. The conception is due to ScHur. The characteristic

Oy Oy oee O

function is defined as the function

e nanpnlvo i
e % Bl B! ... BT 2) \mn)”’
where 74,5, .., is the characteristic of the permutation which has 8, cycles of r
letters each, for the various values of 7. It was shown in the paper referred to that
when every cycle of degree r is replaced by the symbol s, then T,,., ... becomes
Sowon oy, Py oy PN.M, becomes @, ,, ..., and Po,N.M, becomes zero when
r and s are different.

Turorem VIII—The characteristic function @, ..., is equal to |®, ., |, where 1, s
define the row and column respectively in the determinant ; and @, is the c/mmcteristicfunclion
of the representation ‘T, of the symmetric group of N\ letters.

This result follows at once from the equation proved in Q.S.A. VIT

n! n
L. — — r
(VILI) T =T (1—8,) L <m2 > Py o

f Oy Ogy vee
015 Oy o0 O r<s

where P, ., ... is the product of symmetric groups of degrees ay, ay, ... %
respectively ; I' indicates that the sum of all the n! permutations of the n letters
are to be taken, S, represents the operation of moving one letter from the s* row
of the tableau up to the ™ row, and the resulting term is taken to be zero when
any row becomes less than a row below it or when letters from the same row overlap.
In fact, when cycles of degree r are replaced by the symbol s, this equation becomes

e O

P

Oy By oo 0

=T (1—8,)0,0,.. 0

’
r<s k

which gives the result stated, provided the restriction as to zero terms is observed.
It will be noticed that the suffix of the element ®, . _, in the determinant may
become zero or negative. In the former case the value of the element is unity, and
in the latter case it is zero.

* Young, ¢ Proc. London Math. Soc.,” vol. 31, p. 259 (1930).
T Young, ¢ Proc, London Math. Soc.,” vol. 34, p. 199 (1932).
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CoroLLARY—The coefficient in @, ..., of any permutation which contains a cycle
of degree greater than oy + h — 1 is zero. And hence the characteristic of such a permutation
5 2ero.

We may use equation (VIII) to put Theorem VIII in another useful form. The
symbol G, is used for the positive symmetric group of « letters divided by its order,
then '

TrEOREM IX—

Opy Gpy e By - n !

_Sumapg

a,ts—r ])

where 1, s define the rows and columns of the determinant ; and in its expansion every letter
appears in one and only one factor of each term.

§ 16. From the equation
1=XT

Oy (hgy +oe a.h3

we deduce at once the equation

1 - 2 j;,, Qay oee ah q>a1, Ogy see ah’

and hence by Theorem VIII the equation
L=3 [ o | P |-

®,, ©,, ... D

Now

n

are a series of functions each of which contains a new independent variable which
does not appear in those which precede it; thus s, first appears in @, The
functions may then be regarded as completely arbitrary and independent. Hence
Tueorem X—The quantities ®, for positive integral values of r are arbitrary, for negative
values of r they are zero, and ®, = 1, then
(I)ln - Z j;,, ag, o ay l (Da,—i—s~r i

Soa=n

That this equation is true when ® is a generating function is an immediate deduction
from Theorem VIII in Some Generating Functions,* and hence itis true for a wide
range of functions. It was well to determine, whether it expressed an inherent property
of generating functions as such, we see that it does not, that, in fact, it is not a property
of ® at all, but only of the numbers f, ., ... That the value of the left-hand
side of the equation is ®," is seen by considering the last term of the series

ﬁ" l q)H»:—r !)

which alone of all the terms contains ®,”, the only term on the right-hand side not
containing one of the other @’s.
§ 17. Lemma I.
d 1 )
z = .
=i 7] [8 =] U [8]!

* Youne, ¢ Proc, London Math. Soc.,’ vol, 35, p. 440 (1933).
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It is quite easy to verify this for small values of 3, so its truth will be assumed for
all values of § less than that one under consideration.
Multiply each side by [8]! then it is required to prove that

'@@:éﬁ%—sﬁa

Then

$s(2) —¢s1 (2) =2 H B -1+ [ 1L+ ...+ [ — 1] 2+ [ —1]1—1
=B =12+ —212 + [ =22+ ..+ =2 — 1)
= [8 - 1] {955—1 (Z) — b5 (Z)}

The truth of the lemma is then at once apparent by induction.

§ 18. Tueorem XI—When in the generalized form @, of the symmetric group the
symbol s, for a cycle of degree r is replaced by (1 — 2')~', the replacement being made for
all cycles,

51
Dy = ——.
©BIY
This is verified without difficulty for 8§ = 1, 2, 3 ; it will be assumed true for all
degrees less than 3. In the symmetric group we have first those terms in which
the last letter 4 is not permuted, these form the symmetric group of degree 8 — 1,
then those terms in which & occurs in a cycle of two letters and so on. Let P,
denote the sum of all terms in which 4 occurs in a cycle of 7 letters. Then the sum

8

of all terms is £ P,.

r=1 )
Consider P, when the r — 1 letters associated with & are fixed, we may have
the remaining § — r letters permuted by any permutation of the symmetric group

of degree 8 — r. Also the r — 1 letters may be selected in <§ B i) ways and also

may have (r — 1) ! different positions in the cycle relative to 4. Then when the

replacement of cycles is made
(=1

IRGICE
oG —11 B!

A D = TR

by the lemma, which proves the theorem.
§ 19. TEOREM XII—

P,
And
o,

N T
DI = 2k T TR

Here «, p are generic symbols, and § stands for 8,, 8,, ... B;, where
Br+ Lo+ oo +B=233

VOL. CCXXXIV,—/A 0
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96 ALFRED YOUNG ON THE APPLICATION OF

and /; is the number of members of the 8 conjugate class of the symmetric group
which consists of operations having cycles of degrees By, Bs, ... Br; % is the
characteristic of this class in the representation T,.

By Theorem VIII the characteristic function for this representation is

q)a = q)al, ag e 0y = Iq)ar-i-s—-r l’

Here the cycles are represented by variables s, s, ... 5, and the characteristic
function is at once given by this equation with the ordinary rules of algebra. If we
write (1 — &)~ for s, we obtain

1

d —_e— .
RARE N P p—

But by Theorem 1, § 4,

1

27 Juan a, (2) = [3] ! o F5s =7

| 1
i: [3]!®, = 57 [3] ! f::‘ by 76 s, S5, -+ s,

1 [3]!
o, Z }l (a) = ;
I PR NN I A
which was to be proved.
TrEOREM XIII—-

[5] ! s 0
P AR A

To prove this we use the well-known results
Z 7, % = 0, P& I (1) =3 l/hs

Multiply the identity of the last theorem by 7, and then sum the result for all
representations «, we obtain the desired result at once.

Equation (III), §2, is a particular case of this theorem,

§ 20. The generating functions for binary forms of finite order may be treated
in the same way. We begin with a lemma as before,
Lemma I,

b3 =2 [[% [ 7] [0+ 8 — r]s, — 8 [1 + 85 = 0.

'This identity is easy to prove directly for the values 1, 2, 3 of 8, and all values of 7 ;
it is also obviously true for n = 0, and all values of 3. We proceed to establish
a double induction.

Now

[S]r = [8 - l]r =+ 2 [8 - l]r—l [?’] >
and
[rn 4+ 1] = [+ 2r] — 277 [r] ;
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hence
B3~ s+ 1,3 —1) =3 (=2 [ —1] [1+3 — 1],
+27 B =1]a[m+r][n+3—r]}— [n+ 3]

The conventions are adopted here that

[ —1];=0, [ —1]_, = 0.
Then

2B =1, am+r]—2"B =1, =0 —1],.[m+r] —[—1],
and hence
p(n,d) —[n+1]d(n+ 1,8 —1)
=§]0{—- B—1L[r+8—rli, + 8 —1,a[m+7r][n+ 8 —r]-}

Again B

— =1L, [n+38—rle, + 8 — 1, [rn+ 7] [0+ 8 — 7]s,

+ 28 =1+ —rl, — 2B =1, [m+r—n—1][n+35 — 1],

=+ 1{=B—1[n+3 =7l + [8 = 1],=s [2 + 3 — 1]s}

=[n+ 1127 — 1,1 [n+ 8 — 1]
Hence "

b(n,8) —[n+119(+1,8—1)— 2 [3—1]{$ (5 — 1) — [n+1] ¢ (24 1,5 —2)}
(e — 1] [ 45 — sy — [+ 3]s
Further -
277 n 48— B —1],0=2"[n—14+8 —r],_, [§ — 1],
| b =12 b — 1=l P2
[ 8] =[n—1-+38]q+ 2[5 —1][r+5— s
We deduce at once the identity
¢ (n,d) —[n+1]d(n+1,8—1)—2"[§ —1]{¢p (n, 8 — 1) —[n+1] $ (n+ 1,5 —2)}
bt G-ty —mems - |
e =1 (— 1,5 — 1) — [a] & (1,5 — 2)})
+ 2B =11 (m8—1) —[n+ 1] ¢ (n 4+ 1,5 — 2)
=2 (b (5 —2) — [+ 1] $ (n+ 1,5 —2)).

This equation enables us to deduce that ¢ (n, 8) = 0, provided this is true for all
lower values of 3 and any value of # and also for the given value of § and values of

and

o2
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98 ALFRED YOUNG ON THE APPLICATION OF

n, less than that considered. The induction is thus complete for we i‘already know
the truth of the result when » = 0 and § has any value, and also when 8 = 1,2, 0r 3
and 7 has any value.

§ 21. TueorREM XIV—When in the genemlzzed Jorm @, of the symmetric group the
symbol s, for a cycle of degree r is replaced by

[(nt1)r]
17
_ 3! [n43];

This is easily verified for 8 = 1, 2, 3 and we proceed by induction.
Let P, be that part of the expression which arises from those operations of the
group which contain a particular letter 4 in a cycle of degree r. Then

_ [—|—8—-]5_,[(—|—1>T]
P=0p-—1)1L m%_g! .

®,= 3 P, —p! [2 13

e O
on using the lemma.
The arguments of § 19 may now be repeated to establish the following :—

THEOREM XV—

then

Hence

r

51 25 fr(2) = Z/zﬁ 1 [3] ! ,Hl [(n + [Bj) 8]

and

Uk DBl o 2o fo ).

[(n +
ot L

V—TrE CompPOUND SyMMETRIC GROUP
§ 22. The group generated by the permutations
(a,a,.1) (b, b,,.), r=1,2..38—1

will be called the compound symmetric group of degree 8. It possesses the same
number of irreducible representations as the ordinary symmetric group and they
are of identically the same form ; we may write them

T(ab)

Gy Olgy e s s O h'

Further corresponding to such a representation there are semi-normal units, which
will be written
II

p.o

A unit II, , is a linear function of the permutations of the compound symmetric
group. Every such permutation is a product of a permutation of the a’s by a
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permutation of the #’s. Let w,,,®",, be semi-normal units of any representations
of the a’s and of the 4’s respectively. Then

Hp,a = 3 Mzr,,sw'u,,,,
where A is numerical.
For our purposes, it is important to calculate this expression for II,, or at
least for
T —

P

I M~

I

1

PP

In the first place consider the representation
Ty = {AA; ... Aj};

that is, the sum of all the permutations of the compound symmetric group divided
by their number. In Q.S.A., VIII*, § 20, it was shown that

{AA; ... A} o, v, =0,

unless the units @, ,, »’,, are identical, except for the different letters employed.
Hence
(IX) AT Ay .. A} =2\, ®,,

= Z)\ {Al Az I As} ‘&)’,,x ‘m”u,,,
= T, By @ -
Now multiply each side by
(AkAI:+1) = (alcak—H) (bkbk+1)

on the left, and let us suppose that the tableau F, is changed by (#4;,,) into the
later tableau F,. Then (using orthogonal units)

Z)\”w”wlﬂ‘ = 27\” [__ Pﬁlw” + 9—1 \/(92 - 1) ?D'“] [_— p_lw,n + P—‘l \/(92 - 1) ° wlts]
FE0 Ve —= Do, + o7 [p /(02— 1) &, + 07w, ;

hence %, = A,. Similarly, by right-hand multiplication we find 2, = 2,. Thus all
the coeflicients are the same, for any particular representation T, ,,..., to which =,
and w’, , respectively belong.

Consider a particular representation T then since

4 !
@ s By @ e = 0,
unless s = u, and

’ ’ ’
W, W r5. W5, )W 5,90 = Wy )W 4,9,

the sum X),w, &', , can be expressed as the matrix [2,] of order f for this representa-
tion. In our case all the elements A,, have the same value.

* Young, ¢ Proc. London Math. Soc.,” vol. 37, p. 441 (1934).
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Now take the square of each side of equation (IX), we obtain
{A1A2 cer As} - EQ? == EQ,
where Q) is represented by the matrix [2,] ; and hence

Q.z =f7"SQ.'

Hence
f Ay = 1’
and
, (X) AL A, .. A} = Zf_lwmw/rs'

Here the X extends to every unit of every representation.
§23. There are certain fairly obvious restrictions to the coefficients in the equation

’
n,,6=ziw,s,,.

We take orthogonal units.
(i) IO, , is a linear function of the form
Sutt,

where p is numerical, ~ is a permutation of the 4’s, and <’ the same permuta-
tion of the 4’s. We deduce at once

Hp,o: A (wr,sw/u,v + wu,vw,r,x)~
(ii) I,,= 2 (w,,®",, + @, ).

(iii) Hp,p = XA (wr,xw’u,v + wu, vw'r,s —I_ ws, 7w,u,u + @,, uwl.r, r)-

(iv) When every transposition both of the a’s and &’s is changed in sign, the
permutations of the compound group are all unchanged ; hence, if the
suffix letters of the units be also taken to define the corresponding tableaux,
and F, be the tableau obtained by interchanging rows and columns in F,,

Hp,o‘ = 27‘ (wf,sw’u,v + wu,vw,r,s —|_ mr’,x’wlu’,v’ + wu’,v'wlr’,s’)'

(v) When every transposition of the &’s is changed in sign, but the transpositions
of the &’s are unchanged, we obtain

np’«r’ = Z)\ (wr',x’w,u,v + wu’,v'w,r,x + wr,sw’u’,v' + wu,vwr’,s')'
The last consideration enables us to write down without further enquiry the value
Tls(ab) — zf_lw”w"(’s, .

It is to be noticed that the orders f; f’ of conjugate representations are the same.
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§24. Let I'® represent as before the operation of taking tlie sum of the 3! terms
obtained by permuting the letters @ in the operand. Then

(XI) @@ ﬁzwta(")t.s(b) ‘

015 8y eee Op

=Zv, 2 O
€

where pg, v, ¢ are numerical, #; is the sum of the members of a particular conjugate
set of permutations of the letters concerned, ¢, { define certain definite irreducible
representations, and v. ¢ = v¢, .. Hence, when

b) ’
Tu(a ) - E )\rs, uvmr, .vw U0
we find
P@O%N, W@, @, = nge, (T OT,®,
€

The equation (XI) will be written
(XII) ‘ roT @ =3 f,,, T9T,®.

§ 25. FroBENIUs* discussed a closely allied problem, and his results come in very
usefully here. Consider two linear substitution groups, which are representations of
the same abstract group. Let

ua - zaaﬁ?}ﬁ ((x, B == 1, 2, -..j‘)
B

and
u,y =T %a,yav's (Y, 8 = 1, 2, ...ef’)

be corresponding substitutions in the two groups. A third group is constructed
by compounding the substitutions of the first two, in this the substitution
corresponding to those written above is

uau,y = X aalga'y’ 5030,3.
5!8
This group is a representation of the same abstract group as a linear substitution

group with ff’ variables. In general, this third group is reducible ; let @ be its
group determinant, then the reduction may be expressed by the equation

O =11 (I)ﬂ,f"/\#,
I
where the suffixes «, A, p define irreducible representations of the group, u and
v’ being conjugate imaginary representations (they are the same when the repre-

sentation is real), and «, A define the representations by the two groups from which
we started.

* ¢S, B. berl. math. Ges.” (volumes are not numbered), p. 330 (1899).
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102 ALFRED YOUNG ON THE APPLICATION OF

FroBENIUs proved that f,,, is a positive integer or zero unchanged in value
by any permutation of the suffixes. Its value is given by

Mow = Z 2 (R) 2% (R) z* (R)

where % is the order of the group, and x® (R) is the characteristic of the group element
R in the representation «.
Also
S =% fonfo

Efcmz =X b/}lp:

where £, is the number of operations in the ™ conjugate class.

§26. The problem of FroBENIUS is not quite identical with that considered here,
and so it is not permissible merely to quote his result without further enquiry.
Let %“ (R) be the characteristic of the permutation R in the representation T, of
the symmetric group of degree 8. When the permuted letters have to be expressed,
we write R® or R® as the case may be, and for the compound group

R@) . R@OR®,
Then from equation (XII)

21O R) =2 £ 2® (R) 2 (R),
}ZR Bsy

and
0=2 fiu 2® (R) 2% (S),
8y

when R and S are not conjugate. Moreover, these equations are the necessary
and sufficient conditions for the truth of (XII). Frosenus found the equation

(X1) | 7 (R) " (R) = 2 fu 2 (R),

and from which he derived the value of f,,,. Multiply (XIII) by z® (S), and sum
the equation for all values of », we have when S is not conjugate to R

=3 fur 1 (8) 1% (R) ;

and when S == R
| A (R) = X L (R) 2 (R

I A

These equations are identical with (XII), when it is remembered that the representa-

tion p is the same as the conjugate imaginary representation for the symmetric

group. Hence the quantity f,, of the present discussion is the same as that

introduced by FroBenius. We therefore may use his results.
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VI—TuE FuncrioN f; (x, %)

§27. We define this function in terms of the functions of Section I, thus :

.fg (xD .y> = Z xwyw Ogy Ogy oev Opy (x) ‘f;n Gay ree Op (.y))

the summation extends to all the representations of the symmetric group of 8 letters.
The importance here of this function lies in the fact that the generating function
for ternary perpetuants of degree 3 for a single form may be written

(=% A=y &=/ *2)
x{[8] B AT, ’

where the suffix after the bracket indicates the particular variable in the function.
The attempt is made to express this in the form

¢ (%, xp) 34 (2, xp)
(%) xb (0, w)°

where ¢, ¢ are rational integral functions ; thus the function would be separated
into two parts of which obviously the first only concerns the perpetuant problem
in hand. The attempt is successful up to degree 5; and indications are obtained
as to what may be expected in general. '

TrEOREM XVI—3 ! fi(%, ») :'lealz,gXBYB, where B stands for a partition By, Pa, ... By

of 85 X, = { B [éz% ' B }x, Y, is the same function of y, and h; is the number of

members of the symmetric group of degree S which belong to the conjugate class defined by 8.
Consider the effect of replacing each “a” cycle of degree » by (1 — &7)~" and
each “b” cycle of degree r by (1 —y)'. The compound symmetric group
of degree 3, 3 ! 'T;, becomes
s 1XsYs
BT ART Y

Also as in §§ 15, 19, we see that @, , becomes zero unless 7 = s, and then it has the
value x”«f; (x)/{[8] !},, where T, is the representation to which the unit o,,
belongs. Thus, from equation (X), § 22, T; becomes, after making this replacement,
Js (%) /({[3] B.{[3] 1},). The theorem is proved by equating the two values
obtained for T;.

§ 28. A whole set of functions may now be defined analogous to the functions
Sy oy (%) @s follows :— '

Forra (63) = B fon 355015 (5)., ()
That f; (x, ) is a particular case will be seen at once.

VOL. CCXXXIV.—A P
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104 ALFRED YOUNG ON THE APPLICATION OF
Tueorem XVII—
3! fu (%) = 2 heys XY,
8
And :
XY = 2 1 fo (%,9).

The proof is practically a repetition of §§ 19 and 27.

§29. The same processes may be extended. Thus one or both of the sets of letters
a, b may be supposed to represent compound groups—or multiply compound
groups. Thus we may have m sets of letters

ar,:) V= 1, 2, e m, S = 1, 2, ... 0 5

and consider the symmetric group of degree § formed by permuting all the sets
simultaneously in exactly the same way. We obtain functions

Jl;baz,... ay, (xly Koy eos xm).

These may be obtained in the first place by grouping the m sets into two groups
and using the above arguments ; and then we can break these groups up further.
It is to be noticed that the same final result must be obtained however the m sets
are thus divided. Or else following FROBENIUS we may use his numerical function

j;ﬁy...:

with m -+ 1 suffixes, and write

Ju (%1, %9, ... X,,) =szaﬂy,_. X PP %Y L fy (1) S, (%)
57
FroBENIUS* proved that
Jogye. = Z 2 (R) 2P (R) 29 (R) 2 (R) ...
R
Then, as before, we obtain
TraeorREM XVIII—

And
XWX @ KM = 5y, f (R, Xp oen Xy)e

Turorem XIX—When T,, T,', are conjugate representations

fo b ) =28 1) = 57 (e ),
It was shown § 6 that
& fo (2 = 29 [ £ (2]
Also it follows from (v), § 23, that
Jasy = Jaoy = Jowy = Jogy-

* ©8, B, berl. math. Ges.,” p. 330 (1899).
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SUBSTITUTIONAL ANALYSIS TO INVARIANTS 105

The result follows at once on replacing v by ! in the equation
Jo (89) = Z Joor™ ™o (%) Jy 0)-
§30. The next problem is to separate the function

A=x)(A=n@E—=9kf®xy __¢xx) b (1)
x{[3] B3] 1, V(o ) xb (0, )

For § = 2, 3, 4 the problem is solved quite easily. We use the negative symmetric
group {xy}’ thus :—

(x —9) fa (%,0) = {0} (v + 22) = {09} x (1 — ) ;

hence
C=2folxp) 1
x (1 —x2) (1 —2) 1 —x x(1—252)

For 3§ = 3,

(x =) fs (x2) (1 — x3?) = {»} (1 =) (1 —J0°) (x +924%),
hence

(x — ) fs (%,2) _ 1+ yxt
A= (1= (1 - (1= T—w (1) (1 2%

_ )+ %
x (1 — %) (1 —2°) (1 — a%2)

For 3§ = 4,

(x =) fa (%) (1 — a%®) (1 — a%?) (1 — 2
= {w} (1 =% (1 —0%) (1 — %) [x +p (8 + 2 + & — ) +9° (& + 27
__),3 (x4 — x5 — x8 — &7 | x9) —l-,)"‘ (x7 — K — x10 — x| x12)
._),5 (xll + x12> _!_),6 (x7 — X9 — x10 xu) _~'y7x15]_
There is no need to put down the second part of the function
7 (=) (1 =) (x — ) fu (%) /A14] 1 AT4] By
the first part is
{(T—2) (1 =) (L — &) (1 — a%?) (1 — a7 (1 — 9
X [1 4 pxt (1 x4 22 — 28 + 928 (14 2) — 38 (1 — & — 2 — x* + &°)
+ 8 (1 — x2 — &% — x -+ %) — p5x2 (1 -+ x)
”!",)’6906 (1 — 2 — 3 — x%) __y7v14]'
§ 31. The difficulty of calculating the function increases rapidly with 8. It appears

to be easiest to use the form of f; (x, ») obtained in § 27 when 3>4 ; for instead of
a single function f; (x, ») to be discussed, there are several much simpler functions

2 p
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106 ALFRED YOUNG ON THE APPLICATION OF

which can be dealt with separately. There is the additional advantage that the
solution of the problem for f; (¥, ») obtained in this form can be at once applied to

Ja (%)
Theorem XVI gives us :—
s (60) =F (1 +x) (1 +x+x2) (1 4) (1 + 47
+50 =) (1L —a?) (1 =) (1 -2+ 3 (1 —4) (1=
Ji (%,0) = 95X - 22X Y, + 3 XYoo + 31X, Y, + 13X 1Yo 0
S (60) = 755X Y1 + 3XK5Y5 + 31X, 1 Yo+ §X, Y50 + §X, 10V 10
+ %‘Xzz, 1Y22, i '}"Xz,lzye,ﬂ-
In the first place, we have to consider

x—

M= (=

Let us write z for xy.
Then
1—=2)=x(1 =2 +y((1—2x 4 (1 —x) (12,

x—yp=ux(1—9) —y (1l —x).

and

Let us write
(x—=2) (1 —2)*7% = (1 — )" aP; (%, 2) — (1 — 2)*"' )P (9, 2) ;

for the index 25 — 5 of z is both necessary and sufficient in order that an integral
function P; (x, 2) may be found which satisfies the condition. Then also

(x—2) (1 —=2)*7=(1— 22 [(1 =) aPsy (x,2) — (1 — ) yPs_y (1, 2)],
hence |
(1 =202 [(1 — 22 #Psy (%, 2) — (v — 2) Py (, 2)]
=1 =27 [(1 =22 )Py (0,2) — (»—2) Ps (1, 2)]
= (I — %) (1 — )70, (2) ;

for it is a function of degree 3 — 2 in x and in_y and has a factor (1 — x)*% and also

(1— ).
Hence

(1 —2)22P;, (%, 2) — {x — 2) Py (x,2) = (1 — x)"2 @, (2).
Now put x = z,
Thus
(x—=2)Ps (%,2) = (1 — 2)2 aPs_y (x,2) — 2 (1 — 2)*2 (1 — 2)~°* Py, (2, 2),

gives a scale of relation to calculate P;.

D, (2) =z (1 -— 2)*" Py, (2, 2).
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The following results are obtained :—

P3 (x: Z) = 1:. P4 (x:, z2)=1— XZs

Py (x,2) = 1 4+ 2 — daz + 2x* + 222
§ 32. The second term in f; (x, »), due to X;Y5, is

(L) (1—p) (x—3)
x (1 — %) (1 —)P)

Then

oy x(1—2) (1 =) (1 =2%) = {0} (1 =) x[1 —x+ 2 (1 =)
’ + 2222 (1 — x)].

And |
1—x) 1=y (x—y) 1-—-x+2(1—2a) 4222 (1 —x)
% (1 — &) (1 —5°) (=) (l—=2)
_}1~y+z(1—y3)+<’:2yz(1—-v3
x (1T — %) (1 — 25 o

The third term X, ;, Y, ;, belongs to a very simple class, viz. :—

X—D
f (=) 1=y

Here we may use
l—2'=a(1—0") + (1 —a) + (1 —a) (1 —y).
In our case n = 4 and the result is

1 — zx? V_y‘ 1 — 72
(=) (1 —2) “x(l—0"(1—2)
The fourth and fifth terms may be taken together, for

(1—2) (1 —) (x—9) (Xs o Yo + Xy Yoru)/(+{[5] B, {[5] )

—. 9 (x =2 (142
(1 —w2) (1 —a%) (1 —92) (1 — )7

It is necessary to introduce the factors (1 — 23) (1 — z%) and the x, z function is

2{1 —2) (1 —a) (1 —220 (1 —28"%X [1 —zx (1 — &) + B2 (1 — x\

_— z5 (1 —_— x2) i z6x3].

The sixth term X, ; Yu 4 18 :
X =

Y (e e g R

and the corresponding x, z function is

1 -z . 21—z
(I—2)2 (1 =222 (1—a?)(1—22%
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108 ALFRED YOUNG ON THE APPLICATION OF

Lastly, we have X, ;5 Y, 45, and
X =)
x(L—x)2 (1 —a2) (1 —2) (1 —12)°
with the x, z function
x? + 2% (1 — x) + 2 (1 — x?)
T =AM (= 0—=2)  T—2 (1= (0—21—2"
1 —2z
LCEFOR

§33. Before giving the final result for the case 8 = 5. There is a general remark
that can now be made clear about these functions. The form of result that is
sought is as in § 27 :—

A== E=2fixy) 1=z 1=22402
{1 ALY, {31} ¢ (2) x{[3] 1}, 4 (2)

Write x~* for x, and y~'for y, then z becomes z™"; also

A0 £ 1, 57y = f (x,9),

by Theorem III, §6. Then
(—_\8_1 {x (542’1)-—1 (1 _ x) ¢ (x“l, z ) __.y(ﬁél)*zx(l——j) é (_))_1; Z_l)[

‘ B3] ¢ (7Y {31, ¢ (™) J

_ 2y =) (=) (x =) /s (%,9)
{31 B,
— {(1 —x) 2 _p1—)¢ (12l

BT G «{BI%hek) )7

whence
(*%")-3 -1 1) — (_\ -2 -1
x ()b (2) = ()27 (% 2) b (7.
Now ¢ always contains a term independent of ¥ and thus the degree of ¢ in x is

exactly <8 —;— 1> — 3. Owing to the equation

L= 2=y (1= ) + 2 (L =) + (1= #) (1= ),

it is clear that it is always possible to choose ¢ as a product of binomial factors
1 — 2%, just as has been done for the cases discussed. Let p be the number of
binomial factors in ¢ and g its total degree, then

¢ (&) = (=) 2" ¢ (7).
The degree of ¢ in zis ¢ — 3 + 2, and, in fact,

(XIV) b (1, 2) = (—) 0o a2 grssag (o1 1),
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§34. For 3 = 5 we insert the numerical coeflicients in the results of §§ 31, 32 to
obtain the #, z part of

(=% (1—2) =2 f *)
{511 {I5]% ’

viz. :—

1+z2(0—4x4x2) + 2222 | 1 —x+ 2(1 —a3) 4+ 222 (1 — x)
120 (1 — x)* (1 — 2)® 5(1 — %) (1 —28)

_l_1—~-zx(1—-xz)+,z3x(1—x)——z5(1—x2)—z“x3

. a2
+ 1 — zx

4 (1 — x4 (1 — 24 31 —x2) (1 —a%) (1 —2%) (1 —2%
+ 1 —z . z (1 —2)?

8(1 —x2)2 (1 —22)2  8(1—x2)(1—22)p°
+ x

12/(1 —x)2 (1 — 22) (1 — 2) (1 — 2%)
+ 2% (1 —x) +z2(1 — #?) 1—2

12(1—x) (1 —a2) (1 —2) (1 — 2%)? + 12 (1 — x2) (1 — 22)%°
In the final result the denominator is
T—=a) A=) (1—a)(1—a) (1 —22)(1—2) (1 —2)1—2)(1—2,

and extraneous numerical factors must disappear—a useful check on the arithmetic.
The numerator we call ¢ (x, z) and for this equation (XIV) gives

¢ (x, z) — x12z17¢ (x~1, z—'l).

In consequence of this equation it is only necessary to give the terms up to 2% the rest
can be written down at once ; then

¢ (%, 2) = 142 (a3 444+ 255 &8 — A8 — 39 — 5?0 -x12)
422 (x-+2x2 23+ 2%)
423 (— 1425+ 2x% 353 4 234 — 28 — &7 — &8 - x10)
+2% (14-2x - 3x2 + 248 4 x4 — 245 — 246 — 247 - x° |- 10 |- x1 1~ x12)
+25 (--1+2x+3x2+423+4x4 +-%5 —4x6 — 5x7 — 38 —2x° 5104211 - x12)
428 (3 3w+ 3x% — 2x4 — 545 — 56 — 3x7 — &8 - 40 - 2x10 - 211 — x12)
+27 (1—}—2x—F3x2+3x3—-—x4——-3x5—6x6—7x7—5x8—x9+x1°+2x1‘—!»3x12)
28 (4+ 20+ 22 — &8 — 4xd — 65— 748 — 5x7 — 248+ 20+ 210+ 3x1 L 412)

+ e +z17x1‘2.
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110 ALFRED YOUNG ON THE APPLICATION OF

VII—TuE GENERATING FUNCTION FOR TERNARY PERPETUANTS OF A SINGLE Forwm

§35. It has been proved* that if G, be a generating function for ternary forms of
any particular type, and I'; be the corresponding generating function for gradients
(i.e., coeflicient products),

Gy = (1—2) (I =) (L —=y/x) T

where the indices of ¥ and y respectively refer as usual to the second and third
weights of the form (or of the coefficients).

We therefore proceed to consider the generating function for gradients of degree &
of a single ternary form of infinite order. A gradient is a product

Ay e Apsqja

each factor being a coefficient of the form, and the two suffices of the coeflicient
are its second and third weights.

For gradient types we name the coefficients further, say, with a prefix, to define
which of the 5 quantics has supplied the particular coefficients. For a single
quantic, this fact is substitutionally expressed by the operator {;A ,A ...;A}, the
suffices not being here expressed as the prefixes alone are permuted. For binary
forms, where there is only one suffix, the fact is equally well and more conveniently
expressed by a permutation of the suffices. In ternary forms where there are two
suffixes the permutation (,A ,A) is expressed by the compound permutation (, #,) (¢, ¢,)
of the suffixes. Thus in the ternary case we have to do with the compound
symmetric group. We have seen § 22 equation (X) that the compound symmetric
group

T, == Jlfw,, @,

Let
o, P

be any gradient of the binary coefficients ,A,,, where @, is a unit of T, , . e then
by operation with @, we may obtain a gradient
‘*)ts P)

and thus f distinct gradients of this type. The number of distinct gradients for this
representation T, ., .., has been found to be given by the generating function

BN foray fo ey (2) - 27

Hence the generating function for ternary gradients of a single form of infinite order
is

S (B (18] D7) Sy (0) ooy, () 6707, = {[3] B3] 17 6 (% 0).

* YouNe, ¢ Proc. Lond. Math. Soc.,” vol. 35, p. 431 (1933).
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SUBSTITUTIONAL ANALYSIS TO INVARIANTS 111
THEOREM XX-—The generating function for ternary perpetuants of degree 5 for a single

Sorm is
(L— ) (=) (r— ) fi (1,9)
x{[8] B {[3] B

§ 36. Let us now consider the results of the last section in respect to the generating
function. The expansion is an infinite series in both x and y. The terms x" '
where s > 7 do not really concern us, as the seminvariants, with which only we are
concerned, never have the third weight greater than the second. In fact, the
generating function proper is the part called above

.__(l_x\‘ﬁ(xz) P
G=mThe@ e

Consider the expression of the perpetuant as a symbohcal product, it essentially
contains two kinds of factors (abu), (abc) ; then the index of x in the generating
function is the number of factors (abu), and the index of z is the number of factors

(abc).
When § = 2,
G, = 1_} el
giving the obviously correct result.
When § ==
1+ 28

G3=

(1—a) (1—2) (1—2

Here as in the general case the x factors in the denominator refer to (abu) terms
which may be taken exactly as in the binary case, viz. :—

(ayasu)™ (agastt)™ ... (@y—oly- )52 (@51 a50) ™51,
where
Mo1 = gy oo = Ay,
see §8. '

The denominator factor 1 — z2 here refers to a factor (a, a, a3)* ; and the
numerator term zx® corresponds to the form

(XV) (ay as as) (ay as u) (ay as u) (as a, u) ;
there are thus two sets of perpetuants of degree 3, one
(a1 ay a5)™ (ay as w)* (ay ag u)*** ;

and the other this set multiplied by the form (XV) given by zx®.
When 3§ = 4 :

Gy= {1+ z2(8 4+ xt+ 25— 27) G 22 (x+4%) — 22 (1 —x— 2% — &° 4 &%)
4ozt (x? — x5 xS b x7) 2 (W5 a8) - 28 (1 AP xt) - 27T}
XA(L—2) (1= 2%) (1= ) (1= %) (1= 2) (1= 20"

VOL. CCXXXIV. —A Q
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112 ALFRED YOUNG ON THE APPLICATION OF

The terms independent of x are

1+ 2°
(1=22) (1 =24 (1—2%°

It is easy to see that we may take the perpetuants corresponding to the denominator
factors to be

(ay ag a3)?, (ay ay a5)? (ay ay a,)?,
(ay ag a3)® (ay as a3)?.
And that corresponding to the numerator term z° to be
(a; ay a3)8 (a, ay a,)? (ay a; ay).

The generating function assures us that all perpetuants of degree four, such
that the second and third weights are equal, may be expressed as a sum of terms

(aldzds)'\‘ (‘1142‘14)'\2 (414344)“ p
where

A= 2py + 2pp + 3ps + 6s, hg = 2p, +3ps + 2, A3=¢ e=0orl

It is useless to say anything about the other terms without a careful investigation
of them, which has not yet been undertaken.

VIII—GEeNERATING FuncTiONs FOR TERNARY Forms or FINITE ORDER

§37. We concern ourselves with the generating function for gradients.
- TaEOREM XXI—The generating function ®;™ for gradients of degree § of the ternary
n-ic is given by
k
B r=1
where B defines the partition By, Po, ... B, of 8, hy is the number of members of the corresponding
class of conjugate operations of the symmetric group of degree 3, and

1 xzﬁ yzﬂ 1 x(n-i—?) B -y(nri—:Z) B
}(“g (n) 1 x:” )}B _— 1 xﬁ .yq
11 1 | 1o 1

When n = 0,
Xﬁ(O) — 1’ q)S(O) —_

and the theorem is a truism.
We assume it true for all ternary quantics of order less than n.

8
Consider a gradient IT A the sum of the suffixes of each coeflicient must
r=1

Aps thyd

be equal to or less than n. Let each gradient be divided into two factors, let the
first factor contain all the coeflicients the sum of whose suffixes is 7, and the second


http://rsta.royalsocietypublishing.org/

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

\

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

Pl
A
//g\\

SOCIETY

SOCIETY

A A

OF

)

y
S

OF

Downloaded from rsta.royalsocietypublishing.org

SUBSTITUTIONAL ANALYSIS TO INVARIANTS 113

all the coefficients the sum of whose suffices in less than n. Let P, be the generating
function for those gradients in which r of the coefficients have the sum of the
coefficients equal to n. Then

P=Q,.o_"",

where Q, is obtained at once from the generating function for the gradients of
degree r of the binary n-ic, i.e.,

Q- . (xn-ll n+1) (xn+2 . yn+2) (xn+r ____))n-l-i) Y A /l (n ! x(n+1)‘h _.),(rwrl)vI
L= =
Y

(x — ) (22 —?) .. ( " — ) Tl A —y’
£ ’ -
~ s - xe,

by Theorem XV. Here 4 is the number of members of the y conjugate set in
the symmetric group of degree 7.
Thus we obtain

8 }l (n 1 h (8—r) 1
o0 — £ P — 3 [2__ m (X, — X <"--1>ﬂt AT X, <H>}

r=0 ¥ 7" s=1 ¢ s (S_r .
The generating function for binary forms can be treated in exactly the same way,
and the same equation is obtained, where now

DD

6l ~°
by § 21 the result is

2k H X,
B r=1
It is evident that there can be no linear relation with constant coefficients between

the products H X, ™; and hence the result is due to the values of the coefficients
r=1 '

R, BS, and is quite independent of the form assigned to the functions X,® ;
hence for ternary forms
5 k
‘135(") - % hﬁ I XB,(")

r=0 r=
as was to be proved.

§38. It will be noticed that the generating function just obtained is the result of
putting for every cycle of degree r in the symmetric group of degree § the function
X" and then dividing by 8 !|. The same methods give us the generating function
for gradient types of degree 8, and of any particular substitutional form. The result
is

TuEoREM XXII—The generating function ®,™ for gradient types, of degree S of ternary
n-ics, of substitutional form T, is

k
5100 =%k y,» I X,.
B r=1
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These results may be extended at once to quaternary and higher forms. For
quaternary forms we take ‘

1 P Bk 2 1 D L L
X, 1 %28 i 22 N 1 ¥2B P 228

1 P 9 2 1 X8 9 28

1 1 1 1 1 1 1 1

§39. As a verification of the results we may deduce from them the generating
functions for types and compare them with those obtained in QQ.S.A.; VIL,* Section
VIII. Thus for ternary forms the generating functions for gradient types of the
ternary n-ic is

500 = (X,

the same result as that obtained by other means in § 44 of the paper just quoted.

SUMMARY

The particular application, thatis the main object of this paper, is the determination
of a generating function for concomitants of ternary forms, of a nature more amenable
to calculation than that obtained in a previous paper entitled *“ Some Generating
Functions.”t This object is achieved and a generating function for concomitants
of any particular substitutional form, of quantics of finite or of infinite order, and
with any number of variables is obtained. Amongst other results certain poly-
nominal functions which appeared in the generating functions for binary forms in
the paper just quoted have properties of interest which are discussed ; and some of
these properties are extended to the corresponding functions with two or more
variables. A one to one correspondence between the generating function for binary
perpetuants of particular substitutional form and the perpetuants themselves is
obtained by means of the tableaux and this leads at once to the corresponding
extension of GRAcE’s Theorem on irreducible perpetuant types.

Incidentally, certain properties of the Characteristic Function of ScHUR are
considered, and a curious identity is obtained involving a series of determinants.

* Young, ‘ Proc. London Math. Soc.,” vol. 36, p. 304 (1934).
t ¢ Proc. London Math. Soc.,” vol. 85, p. 425 (1933).
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